Abstract-For automation of biological experiments at the microscale, a highly precise manipulator equipped with a microscope is required. However, current micropositioning stages have several limitations, such as manual operation, lack of rotational capability, incompatibility with a microscope, and small range of motion (RoM). This research aims to develop a microscope compatible XY θ micropositioning stage with large RoM for phenotyping multiple biological samples rapidly for various microscopic applications. An underactuated planar mechanism, kinematic analysis, and control of the XY θ stage are presented in this paper. The planar mechanism consists of two piezoelectric linear actuators for translational motion capability and two passive revolute joints at the tip of each linear actuator for rotational capability. Based on the kinematic analysis of the stage, controllability and control strategy of the underactuated stage is described. Finally, the feasibility of the micropositioning stage for a general positioning and orienting task is verified by both simulation and tissue core experiments.
Index Terms-Controllability, micropositioning, microscopic applications, point-to-point control, underactuated planar mechanism. NOMENCLATURE {W } World frame (or fixed frame). {B} Body frame (or moving frame). T ). α Angle of ∠QP O. u 1 Linear input velocity by PZT 1 along the x W -axis. u 2 Linear input velocity by PZT 2 along the y W -axis. u 
S
INCE micropositioning techniques are essential for various scientific and engineering studies dealing with manipulation at the microscale (such as precise manufacturing or optical/chemical/biological applications), highly precise planar stages have been widely researched and developed in both academia and industry [1] , [2] . Though several micropositioning stages exist, they have several drawbacks. Many of current stages are manually operated or incompatible with a microscope, while others allow translational motions only without rotational capability [3] - [5] . The rotational capability enables to phenotype a tissue sample more accurately by matching the coordinates of the sample through the microscopic image to the pathological region of interest. Most automated micropositioning stages have adopted piezoelectric actuator due to its advantages of high spatial resolution and high energy density that allows the system to be miniaturized [6] . A small range of motion (RoM) and slow movement speed, which are inherent of piezoelectric actuators, are other drawbacks of current micropositioning stages [1] , [2] . For example, one of the representative and commercially available XY θ micropositioning stages, M-880 three-degree-of-freedom (DoF) planar precision positioning system (Physik Instremente, Germany), has the RoM of ±10 mm in the X-and Y -axis with minimum incremental motion of 0.75 μm and ±4
• in the rotation [7] . The RoM of stages for ultraprecision application is even smaller mainly due to a tradeoff between RoM and resolution. In the work of [8] , "large travel ultraprecision XY θ stage" has the RoM of 3 mm × 3 mm for XY motion and less than 1
• rotational motion, while its spatial resolution is less than 10 nm. Nowadays, however, piezoelectric actuators with large RoM are commercially available by increasing the RoM of the actuators [9] , [10] . Since current micropositioning stages are not suitable for our targeted application, which is automated tissue indentation, our research is motivated by the need for developing a customized micropositioning stage, which has large RoM along with rotational capability.
An underactuated mechanism enables not only to make a system more compact and efficient, but it also helps to reduce the cost for building such a system by eliminating some actuators and several parts for the assembly [11] . However, the control problem for an underactuated system is challenging, since there is no general law applicable to any arbitrary underactuated system [12] . Lynch [13] has shown that underactuated planar body with unilateral thrusters is controllable based on Sussmann's sufficient condition of local controllability [14] . Similarly, Li and Payandeh have shown that the dynamic model of a planar body is also small-time locally controllable by two pushing inputs [15] .
Control for an underactuated system along a desired trajectory is realized by either modifying path planners for fully actuated systems such as the time-scaling algorithm [16] , the decoupled approach to trajectory planning [17] , passive velocity field control [18] , or applying a customized control law for the specific system [19] , [20] . Lynch and Bullo developed the path planner between two zero velocity states using decoupling velocity vector fields for kinematically controllable underactuated systems [21] , [22] . Narikiyo, Sahashi, and Misao proposed control strategies for several underactuated systems based on passive velocity field control [23] . However, the studies based on decoupling velocity vector fields are not applicable to all underactuated systems and often require cumbersome computation.
Motivated by previous studies for the controllability of a planar body with linear inputs, we have investigated an underactuated planar stage actuated by two piezoelectric linear actuators to develop an XY θ micropositioning platform. In addition, we propose sliding-mode control for point-to-point motion using the kinematic model. We conduct both simulation and tissue core experiments to verify the micropositioning performance of the platform.
II. UNDERACTUATED PLANAR MECHANISM
Although there are three types of planar mechanisms (serial, parallel, and hybrid) for micropositioning stages, parallel mechanisms are widely used due to several advantages, namely high accuracy (errors are not accumulated through the kinematic chain), high structural stiffness, and low inertia [24] , [25] ). As a result, we have designed our system as a parallel mechanism, as shown in Fig. 1(a) . The key feature of the mechanism is passive rotational joints added to orthogonal linear XY stage at idealized points of contact of PZT actuators with the stage. If the net line of force exerted on the body does not pass through the center of mass (CoM), the net force generates linear and rotational motion of the body simultaneously. In addition to this basic physics, motion constraints are imposed by two linear guides orthogonal each other and passive rotational joints on the actuation points allowing the body to move and rotate only along the guides.
The platform consists of three major layers in the longitudinal direction: 1) base plate; 2) moving stage; and 3) brackets with actuators. The base plate is fixed to a microscope and provides a planar working space for the moving stage. The moving stage has two linear guides that are perpendicular to each other and is actuated by two piezoelectric linear actuators (SLC-2490-S, SmarAct, Germany) combined with 1-nm resolution position sensor. The slider on each linear guide is attached to the actuator. The rotational bearing between the slider and the actuator allows passive rotation of the stage relative to the fixed base plate.
The manufactured platform is shown in Fig. 1(b) . Actual size of the stage is 112 × 112 mm 2 with 85-mm length of the linear guide. The linear actuator is capable of 63-mm stroke, which is determined as the target RoM to scan a whole standard glass slide. There is a hole at the center of the stage and the base plate for light to pass through, to obtain microscopic images. The low-profile design is also important in a microscope compatible platform, due to the limited focal length of the microscope. More details regarding the design of the platform are described in our previous work [26] .
III. KINEMATIC ANALYSIS

A. Geometric Constraints
Since the rotational motion of the stage is constrained by two linear guides, the center of rotation (CoR) of the stage does not necessarily coincide with its geometric center or the CoM. Moreover, it can be observed that the stage rotates with different radii in different configurations. Hence, the CoR is not a fixed point when the stage moves. The geometric relations for the stage including the CoR are shown in Fig. 2 . The circle with the diameter of P Q, which is the distance between two actuator tips, can be defined at every configuration, as drawn by red-dotted line in Fig. 2 . The point O and the origin of body frame {B} are on the circle due to the right angle of ∠ P OQ. Similarly, the two points, S and T , which is the intersection point of the extension lines from each actuator in parallel with the world frame coordinates and the body frame coordinates, respectively, are on the circle as well. Since the angle subtended at the center is twice the angle at the circumference, ∠ SM A (or ∠ AM T ) must be the same as the stage angle θ.
When a rigid body rotates about a fixed point, the CoR is geometrically determined by the intersection point between two perpendicular bisectors of two points on the body, as shown in Fig. 3(a) . Therefore, we can find the CoR of the stage as the point A, which is the intersection point between the angular bisector of ∠ SM T and the circle with diameter P Q, and the CoR moves along the circle when the stage rotates. To visualize and verify instantaneous CoR of the stage, a vision-tracking experiment was conducted with four markers, as shown in Fig. 3(b) . Two markers on the stage are for calculating the instantaneous CoR points, while the stage is manually rotated with fixed actuators. The other two markers on the base plate are for a reference line so that we can calculate the rotational angle of the stage. Calculated CoR coordinates in {W } frame obtained from the vision-tracking data are shown in Fig. 4 (a) along with the simulated CoR trajectory, which is the circle with diameter, P Q. In this plot, the origin of the {W } frame is placed on the point M , which is the midpoint of P Q, for ease of understanding. 
B. Kinematic Modeling
To derive the kinematic model of the stage, the two coordinate systems, namely, the world frame {W } (fixed frame) and the body frame {B} (moving frame), are defined and shown in Fig. 2 . The origin of the body frame {B} is placed at the intersection point of two linear guides. The direction of the x B -axis is opposite to the direction of the x W -axis at the initial configuration so that all variables in {B} can be defined as positive values. Since the coordinate system of the microscopic image is fixed, the kinematic model should be interpreted in the fixed frame {W } for ease of matching these two coordinate systems. The rotation matrix from the body frame {B} to the world frame 
(1) where, S θ = sin θ and C θ = cos θ.
Since the linear actuators are aligned along the respective axes in {W }, the velocity input vector of each linear actuator has only one nonzero component. Thus
The velocity of point Q is u W 1 and that of point P is u W 2 . The position and velocity of point Q in {W } can be written as
Since the stage is a rigid body, the position and velocity at any point on the stage can be described in the same way. By rearranging the equations of position and velocity of the point P and Q, the velocity of point O in {W } can be described aṡ
where
, and T θ = tan θ, while D x and D y are the distance of point P along the x Waxis and the distance of point Q along the y W -axis from the origin of {W }, respectively. Now, we apply angular momentum equation to derive the state differential equation of the stage by formulating an independent equation forθ as a function of the state variables and the control inputs only. As long as the rotational axis is parallel to the principal Z-axis of the moment of inertia, angular momentum of the body in the XY plane can be treated as a scalar. Fig. 5 represents a schematic diagram for calculating angular momentum of the stage. L, the angular momentum of the stage, is given by 
From the geometric constraint of ∠ AM N = α, the expression for the CoR position contains α as well. Consequently, the moment arm vector, d
W , is derived as
Sinceθ is a function of α as well, it is required to expresṡ α as a function of the state variables and control inputs. From geometry, we can derive
By differentiating (11), we geṫ
The state differential equation of the stage with the state
T can be expressed aṡ
C. Controllability
When we consider a nonlinear system, Φ, without drift, the general model of the system is given by
where X ∈ R n is the n-dimensional state vector of the system,
T ∈ R m is the m-dimensional system input vector, and g j (j = 1, . . . , m) are smooth linearly independent vector fields on R n defined for all time, t [27] . Using Chow's theorem [27] , we find the rank of the involutive closure of Δ = span{g 1 , . . . , g m }. The involutive closure can be constructed by taking the Lie bracket between two vector fields in Δ [28] . The construction rule is given by
To check controllability of the stage, the state differential equation is rearranged aṡ
Using G 1 = span{g 1 , g 2 } as the initial distribution, we apply the construction rule until the resultant distribution does not gain any additional dimension. Thus, we get
The involutive closure has the same dimension as the dimension of the state space. Therefore, the underactuated stage using two linear actuators with passive revolute joints is locally controllable by Chow's theorem. It is important to note that when H = 0, g 1 and g 2 are undefined (note: X • ≤ θ ≤ 28.5
• , as shown in Section III-A), C x = C y , and they are both greater than zero, H is always greater than zero as shown below:
Since all the designed parameters of I C , m, C x C θ , X O , and Y O are positive numbers, the denominator H is positive definite. Therefore, the current stage is locally controllable at all times. T ∈ R n , we can replace the original nthorder tracking problem into a first-order stabilization problem in s by defining a time-varying sliding surface s as [29] s(
IV. POINT-TO-POINT
wherex = x d − x is the tracking error and λ is a strictly positive constant.
When n = 1, the sliding surface for the rotation can be defined as s 1 = e θ . Based onṡ 1 = 0, the input vector for the rotation, u rot can be defined as
where k rot is a strictly positive control gain for the rotation, sgn(s 1 ) is the signum function of a real number s 1 , and G θ = [ 
Once the stage reaches the desired orientation, we impose the motion constraintθ = 0, allowing the two inputs to be related by u 2 
Thus, the stage always keeps its desired orientation until it reaches the desired position. The trajectory of point O under the motion constraint ofθ = 0 is determined by the ratio ofẏ
Due to the imposed motion constraint ofθ = 0, J c should be a straight line and the slope of the line is determined by Fig. 6 . This implies that pure translational motion of the stage can be achieved between two points having the same value of J c . Without loss of generality, we can find J d , which is J c at the desired state, as
The desired sliding line in the XY plane that consists of a set of points
where a is the slop of the sliding line.
B.
Step 2: Reaching the Sliding Line
x + e y be the sliding surface to reach the desired line found in Step 1. By settingṡ 2 = 0, we can define the inputs for reaching the desired sliding line as
where k sld is a strictly positive control gain for reaching the sliding line and
While u sld1 is attracting the states toward the desired sliding line, u sld2 tries to keep its orientation from uncertainties such as unmodeled dynamics and kinematic modeling errors. u sld satisfies globally asymptotically stable condition of the Lyapunov stability theorem with a positive-definite Lyapunov function,
, under the motion constraint ofθ = 0.V 2 can be expressed aṡ
C.
Step 3: Translation to the Desired Position Along the Sliding Line
To reach the desired position along the sliding line, let
O be the sliding surface. Whenṡ 3 = 0, we can satisfy globally asymptotically stable condition of the Lyapunov theorem by defining the inputs as
where k trl is a strictly positive control gain for the translational motion along the sliding line and N trl = HK 2 
. u trl2 maintains the orientation and keeps adjusting the states to stay on the sliding line, while u trl1 tracks the desired xcoordinate. The control inputs guarantees the stability of the system and the convergence of s 3 to zero with a positive-definite Lyapunov function, V 3 = 1 2 s 2 3 .V 3 can be expressed aṡ
D. Simulation
Since α is computed at every time step from the state differential equation [see (13) ] and we are not controlling α directly, let
T be the initial and desired position and orientation of the stage for the simulation, respectively. Initially, the origin of the fixed frame, {W }, coincides with the origin of the moving frame, {B} and α 0 is determined as 45
• by substituting (x , were used in the simulation. Since the stage is controlled by velocity inputs, reducing inherent chattering effect and smoothing the inputs are important for stable manipulation. Instead of using constant control gains, each control gain was determined by the summation of a small positive constant gain and a gain proportional to the absolute error. Using this approach, we are able to smoothly control and achieve good control performance at both millimeter-scale and microscale. The maximum speed and maximum stroke of the actuator did not violate the physical limitations during the simulation by choosing proper control gains. Fig. 7(a) shows the state variables and the input during the simulation. By applying the control strategy, the errors of position and orientation of the stage converge to zero as shown in Fig. 7(b) Fig. 7(c) , where we track how the stage has moved according to each step of the control strategy.
V. EXPERIMENTS AND DISCUSSION
In practical application with a microscope, the position and orientation of a sample (which can be arbitrary within the RoM of the system) should be tracked, instead of the point O W . Since the stage is a rigid body, the coordinates of a sample on the stage can be represented in the fixed frame {W } once the coordinates of the sample are given in the moving frame {B} as ⎡
where Measuring the orientation for the stage is challenging for two reasons.
1) The position of the stage cannot be obtained unless the orientation is known. 2) The relative angle between the base plate and the moving stage should be measured under the limited space. An encoder, one of the most common sensors for measuring the angle, is not applicable to the stage due to varying CoR and an external vision system with markers has too low resolution and requires wider space as shown in Section I. Since the orientation of the stage can be obtained by measuring either OP or OQ from the geometry (see Table I ), a fiber-optic sensor was chosen as a feasible option. Through the comparison of two cases, which are measuring both OP and OQ directly by two fiber-optic sensors and using the trigonometry, (OP ) 2 + (OQ) 2 = (P Q) 2 , with measuring OQ, the latter showed better control performance mainly due to much higher precision on the measurement of P Q by the nanometer resolution PZT positioner. To realize a feedback control system, an additional fiber-optic sensor (FU-77, Keyence, Japan) with amplifier (FS-V31, Keyence, Japan) was implemented on the stage to measure y B Q , the distance, OQ. Fig. 8 T , as shown in Table I . Fig. 9 shows the experimental setup for tracking a tissue core sample of 600-μm diameter on a glass slide. Current control hardware system includes the modular control system (SmarAct, Germany) as the controller specialized for the PZT actuators and data acquisition board (Model 626, Sensoray, USA) which contains 16-bits analog-to-digital converter for reading the output of the fiber-optic sensor. C++ language is used as a compiler for implementation of the control algorithm and update rate of the control action is set to 100 Hz, which comes from the maximum reliable update rate of the PZT position sensors. The target task of this experiment is to move the tissue core from the initial position and orientation to desired position and orientation by the proposed control scheme. Comparison of microscopic images before and after the task is used as an auxiliary tool to evaluate the control performance. The center point of the stage is tracked throughout the experiments. At the initial state, it corresponds to the center of the microscopic image. Three test cases were conducted to verify the control performance of the system. 1) Experiment 1:
(maximum rotation in counterclockwise direction with the desired position and orientation). 3) Experiment 3:
• ] T (maximum rotation in clockwise direction with the desired position and orientation). The desired position and orientation of Experiment 1 can be achieved by applying only "Step 3" of the control strategy, since the initial position of the stage lies on the desired sliding line with the desired orientation already, while Experiments 2 and 3 require all steps of the control strategy.
The experimental results of the proposed point-to-point control after five trials of each case are presented in Table II . The micropositioning platform shows submicrometer accuracy and repeatability both in measurement and image analysis. Tissue core images at the initial and final state of each case are shown in Fig. 10. Fig. 11 shows the actual trace of the tissue sample for each case. Since the control law is based on the kinematic model of the system, rotation occurs during the motion under the constraintθ = 0 due to the inherent dynamics of the actuators and friction between the stage and the base plate. However, the corrective control actions compensate the errors and ensure that the state converges to the desired state. The errors of the state variables and the control inputs during the experiments are shown in Fig. 12 .
The workspace of the stage in XY plane varies with the desired angle. Theoretically, the stage can sweep 63 mm × 63 mm, whole range of actuators' stroke at the zero degrees. However, RoM in the XY plane at ±10
• , the maximum/minimum angle in the current design, shrinks to 32 mm × 32 mm. Therefore, the practical workspace of the stage can be determined conservatively as (x, y, θ) = (32 mm, 32 mm, 20
• ). However, the stage cannot reach angles greater than ±10
• in the current design. The theoretical range of angle, [−28.5 • , 28.5 • ], was measured under the condition that the stage is manually rotated by an external force, not by the system inputs, to verify the geometric constraints. In the theoretical case, the entire range of linear guide can be utilized for rotational motion only, while the linear PZT actuations contribute to the linear and rotational motion of the stage simultaneously. Moreover, the proposed control law requires a longer travel distance to reach the sliding line for the larger desired angle. Therefore, the slider on the linear guide reaches at the end of the linear guide before reaching maximum theoretical angle when the stage is rotated by the linear PZT actuators under the proposed control scheme. It is also important to note that the cables of the fiber-optic sensor introduce disturbances into the system that the controller cannot compensate by physically touching the brackets (the structure fixing the PZT actuator). At larger angles, the cables bounce back due to interference with the motion of the stage. The maximum angle of the stage can be increased by implementing a more elaborate control law with optimal path planning and solving the cable routing problem.
VI. CONCLUSION
An underactuated mechanism of XY θ micropositioning stage using two linear PZT actuators, its kinematic analysis, and point-to-point control strategy were investigated. Though the control law we proposed is based on the kinematic model of the stage, the system appears to be robust from dynamic uncertainties in the experiments. The underactuated stage has to undergo larger travel distance along with a less intuitive path to reach the desired state than a fully actuated stage. However, the simulation and experiments with the proposed control strategy have shown promising results to be implemented in biomedical applications that require microscope compatible micropositioning platform. Besides several advantages of an underactuated system, enlarging RoM for a micropositioning stage with submicrometer accuracy is a meaningful result for the automation of phenotyping multiple biological samples. In our future work, we plan to perform automated tissue indentation experiments with a 4-DoF indentation system (the XY θ stage with additional Zdirectional indenter) to verify the feasibility of the automated process.
